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Abstract: We propose a new derivation from the full Loop Quantum Gravity (LQG) to the Loop
Quantum Cosmology (LQC) improved µ¯-scheme effective dynamics, based on the reduced phase
space formulation of LQG and a proposal of effective Hamiltonian/action in the full LQG. A key
step of our program is an improved regularization of the full LQG Hamiltonian on a cubic lattice.
The improved Hamiltonian uses a set of “dressed holonomies” h∆(s) which not only depend on
the connection A but also depend on the length of the curve s. With the improved Hamiltonian,
we propose a quantum effective action and derive a new set effective equations of motion (EOMs)
for the full LQG. Then we show that these new EOMs imply the µ¯-scheme effective dynamics for
both the homogeneous-isotropic and Bianchi-I cosmology, and predict bounce and Planckian critical
density. As a byproduct, although the model is defined on a cubic lattice, we find that the improved
effective Hamiltonian of cosmology is invariant under the lattice refinement. The cosmological
effective dynamics, predictions of bounce and critical density are results at the continuum limit.
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1 Introduction
Loop Quantum Gravity (LQG) is a promising attempt toward a non-perturbative and background
independent theory of quantum gravity (see e.g. [1, 2] for reviews). Among many important
achievements of LQG, one of the most profound physical predictions is the resolution of singularity
e.g. [3–14]. It is well-known that the classical theory of Einstein gravity breaks down at singularities,
while the purpose of quantum gravity is to extend the gravity theory to describe the physics of
singularities.
A well-developed theme of singularity resolution is Loop Quantum Cosmology (LQC) where
the big-bang singularity is replaced by a quantum bounce (see e.g. [15–17] for reviews). LQC
applies the LQG method to the homogeneous and isotropic sector of gravity. The homogeneous
and isotropic sector is given by a classical symmetry reduction from infinitely many degrees of
freedom (DOFs) of gravity to a single DOF (the scale factor). The quantum dynamics of LQC
have been studied extensively, and turns out that it can be efficiently described by an effective
equation, which reduces to classical Friedmann equation at low energy density, while modifying
Friedmann equation at high energy density [18]. The solution of effective equation demonstrates
that the big-bang singularity is resolved and replaced by a big bounce, where the curvature is finite
and Planckian. The time evolution of cosmology governed by the LQC effective equation is often
called the effective dynamics.
Due to the theme of symmetry-reduction before quantization, LQC has been suffered from the
long-standing issue on the relation with the full theory of LQG. Symmetry-reduced models of loop
quantum black holes share the same issues. There have been interesting recent progresses toward
this relation [14, 19–28]. Although there is a top-down derivation from the full LQG to LQC µ0-
scheme effective dynamics [14], the LQG derivation to the improved µ¯-scheme effective dynamics of
LQC is still largely open [29]. The µ¯-scheme is physically preferred because it predicts a constant
– 1 –
Planckian energy density at the bounce, while the density at the bounce in the µ0-scheme can vary
and possibly non-Planckian.
Our present work makes one step further toward resolving the above issue, and proposes a new
derivation of the LQC improved µ¯-scheme effective dynamics from the full LQG. Our derivation is
based on the reduced phase space formulation of LQG [30, 31]. A key step of our program is an
improved regularization of the full LQG Hamiltonian on a cubic lattice. The improved Hamiltonian
uses a set of “dressed holonomies” h∆(s) which not only depend on the connection A but also depend
on the length of the curve s. With the improved Hamiltonian, we propose a quantum effective action
and derive a new set effective equations of motion (EOMs) for the full LQG. Then we show that
these new EOMs imply the µ¯-scheme effective dynamics for both the homogeneous-isotropic and
Bianchi-I cosmology, and predict bounce and Planckian critical density. Moreover, although the
model is defined on a cubic lattice, we find that the improved effective Hamiltonian of cosmology is
invariant under the lattice refinement, and has a trivial continuum limit. The predictions of bounce
and critical density are also independent of the lattice refinement.
The idea of constructing the improved Hamiltonian H∆ is to regularize the curvature F (A) of
the Ashtekar-Barbero connection A in a non-conventional manner. In the standard regularization
[32], F (A) is replaced by a loop holonomy, which is a functional of A only. In our approach, we
denote by S(∆) the surface enclosed by the loop holonomy h(∆), and require h(∆) to be not only
a functional of A but also depending on the geometry of the surface S(∆). Inspired by LQC, we
introduce an area scale ∆ such that the area of S(∆) is fixed to be ∆. Here ∆ is a free parameter
of dimension (length)2 and may be chosen to be the minimal area gap in LQG. h(∆) depends on
∆, so does the Hamiltonian H∆ constructed by h(∆). Our regularization of H∆ is described in
Section 2.
Interestingly, H∆ is a non-graph-changing Hamiltonian which changes the graph. H∆ is non-
graph-changing because it is a function on the phase space Pγ of holonomies and fluxes on a fixed
cubic lattice γ. But it changes the graph γ because h(∆) contains holonomies along curves which
do not belong to γ. The simple way to make these two aspects of H∆ consistent is to define h(∆) as
a phase space function on Pγ . Indeed a desired h(∆) can be defined by comparing the continuum
approximations of h(∆) and the holonomy around a plaquette in γ. The procedure involves certain
gauge fixing. The strategy of constructing h(∆) is discussed in Sections 3 and 4.
In Section 5, we propose a canonical quantum effective action Seff with the improved Hamil-
tonian H∆. H∆ and Seff explicitly depends on the scale ∆ which is similar to UV cut-offs in
quantum effective actions of quantum field theories. It suggests that Seff should be viewed as a
quantum effective action which takes into account quantum effects. We derive a new set of EOMs of
the full LQG from the variational principle of Seff . These EOMs are improved effective equations
because they come from the improved Hamiltonian and relate to the µ¯-scheme effective dynamics
in LQC.
In Section 6, we look for spatial homogeneous solutions of our improved effective equations of
LQG. When inserting ansatz that respects the spatial homogeneous symmetry, we show that the
effective equation reduces to µ¯-scheme effective equations of Bianchi-I LQC. If we further restrict
the solution to be isotropic, the effective equation reduces to µ¯-scheme effective equations of the
standard LQC. We demonstrate the singularity resolution and bounce in Section 7, and reproduce
the critical density ρc at the bounce to be constant ρc =
16−β2∆Λ
β2∆κ . ρc is Planckian and corresponds
to the Planckian curvature when ∆ ∼ `2P . Moreover although H∆ of the full theory involves the
gauge fixing, the cosmological effective dynamics is gauge invariant and independent of the gauge
fixing.
Additionally in Section 8, we observe that although H∆ is defined on the lattice γ, it is in-
variant under lattice refinement therefore has a trivial continuum limit, at least when evaluating
at homogeneous solutions. Effective equations, predictions of bounce and critical density are also
– 2 –
invariant under the lattice refinement, so can be understood as results at the continuum limit. The
key point here is that h(∆) is defined around a surface with fixed area and is invariant under the
lattice refinement. This lattice independence of H∆ suggests that the theory at the homogeneous
solution is possibly a fix point of the Hamiltonian renormalization in [33]. Moreover this invari-
ance indicates the scaling invariance from the viewpoint of lattice field theory, and relates to the
conformal invariance in 3 dimensions.
2 Improved Hamiltonian
Our model is defined on a cubic lattice γ which may be finite or infinite. For the purpose of relating
LQC at k = 0, we consider γ to be a partition of 3-torus. The dynamical variables on γ are
holonomies and gauge covariant fluxes defined at all edges e ∈ E(γ):
h(e) := P exp
∫
e
A, pa(e) := − 1
2βa2
tr
[
τa
∫
Se
εijkdσ
i ∧ dσjh (ρe(σ))Ekb (σ)τ bh (ρe(σ))−1
]
(2.1)
where Se is a 2-face in the dual lattice γ
∗, and ρe(σ) ⊂ Se is a path starting at the begin point of
e and traveling along e until e∩ Se, then running in Se until x. a is a length unit for making pa(e)
dimensionless. h(e), pa(e) satisfies the holonomy-flux algebra
{h(e), h(e′)} = 0
{pa(e), h(e′)} = κ
a2
δe,e′
τa
2
h(e′){
pa(e), pb(e′)
}
= − κ
a2
δe,e′εabcp
c(e′). (2.2)
where κ = 16piGN . Our work is developed from the reduced phase space LQG where h(e), p
a(e)
are all physical Dirac observables.
We focus on the deparametrized model of gravity coupled to dust, the discrete physical Hamil-
tonian on γ can be written as (see e.g. [14])
H =
∑
v∈V (γ)
Hv, Hv =
√
C2v −
α
4
C2j,v (2.3)
Cv = − 1
β2
C0,v − 1 + β
2
β2κ
3Rv + Λ
κ
Vv, (2.4)
where α = 1, 0 corresponds to the Brown-Kucharˇ or Gaussian dust. There are non-holonomic
constraint Cv < 0 and C
2
v − α4C2j,v ≥ 0. We focus on the physical dust with positive energy density,
and the physical time flow is backward to make H positive (see Appendix A for details). We have
include the cosmological constant term ΛVv in the Hamiltonian. Here we employ the regularization
of Cv in [34, 35].
3Rv is the discrete 3-curvature:
3Rv =
∑
I 6=J
∑
s1,s2=±1
Lv (I, s1; J, s2)
(
2pi
α
− pi + arccos
[
~p (ev;Is1) · ~p (ev;Js2)
p (ev;Is1) p (ev;Js2)
])
, (2.5)
Lv (I, s1; J, s2) =
1
Vv
√
εabcpb (ev;Is1) pc (ev;Js2) ε
ab′c′pb′ (ev;Is1) pc′ (ev;Js2). (2.6)
In our notation, ev;I,s with I = 1, 2, 3, s = ±, and vertex v ∈ V (γ) denotes an edge starting at v
oriented toward the (I, s) direction (see FIG.1).
The Euclidean Hamiltonian and diffeomorphism constraints C0,v, Cj,v are written as
Cµ,v =
−4
3βκ2
∑
s1,s2,s3=±1
s1s2s3 ε
I1I2I3 Tr
[
τµ
(
h(v;I1s1,I2s2)− h(v;I1s1,I2s2)−1
)
× h(ev;I3s3)
{
h(ev;I3s3)
−1, Vv
} ]
. (2.7)
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ev;1,+
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sv;I1,+
<latexit sha1_base64="KFfJSBvydxs2MFJR5ggcXZ/1zb4=">AAAlAXi cnZpJc9y4Fcd7JttE2TzJMRckkspyRpa7ZXvGmSw1LdmyZEuWbC1eRKkLJMEm3eAiEGwtNE/5ELkmx9xSueaT5JLPkgeQ7MbSkl1plbtJ/N7/EQAfHkD QbkajnHe7//ns8+99/wc//NEXP577yU9/9vNf3Pryl0d5WjCPHHopTdkbF+eERgk55BGn5E3GCI5dSl67o3XBX48Jy6M0OeCXGTmJ8TCJgsjDHIpOnCA flOM/bA16y19Vg1vz3ZWH3d7vv+6i7kpXfuTBo979Huo1JfOd5rM3+HL+v46fekVMEu5RnOfHvW7GT0rMeORRUs05RU4y7I3wkBzDYYJjkp+UstYVWoQ SHwUpg38JR7JUVZQ4zvPL2AXLGPMwN5konMWOCx48OimjJCs4Sbz6QkFBEU+R6ALkR4x4nF7CAfZYBHVFXogZ9jh01NzczOtA8aJanofpOcUuoXllgxG5 zKtFFHKefXvvnsdxspKy4b1sNLzX4jn7OrKtWuGQ4SyMvIvlusdm1mwZfnkY60J+Ibo0NxTCnOWBKFarfJx7J5Jl+CrVW3N80DsphSvRj0LFSELOvTSO ceL/zuHcJwEuKC+9eMx5ZRkEOI7oZWs0tYd7soh2E7gFUYB4SJAI4ToM0rqgDSsU5eK+uUTeunO4W4ShnF9SclNF1Va7sai5/UEZ0NoVmoHhM+ekvp9H PokxG0YJjICHXjzn8DRrCrqyYNERgy8Xw84veyv34VZwcsHPI5+HqPfIixFaRL2v69KQRMOQo9WHdfHqg1lV+/hnzpl2c+kwvzqG9jviJnqYlvO9qtItX pFAmizBDQoEv2MYUEyHUycBwyPpBaq4HREEkLgM65IkrcRXUsQuYY4DDuHuOkkyLWyKgtIBh15zhhmDGotegKP03KhHTHBS14PiZEiJqIXD5KEIL9UUK qRaImH6wTQaES6NPqD5Hpo40pueQTsIpQOoVoz2zK7zo6Cqe4XFpW9RwqJxdbx6UrdRmsOlquZgFewXRUCnjMSQ4gqIUEhyOeHNcZkTDzrLJxkkmfJh7 b2xLw/q32pycAzWMm9rZo9JECWRKK/U49nG2wRqXh03Hk+a88XZxuspSynF7LJSDmeb7rE0S/PmyhPvaqlxjUkX5hAIPGNpKvpZjBE3ELo0+NZBDjI7X DQvD1vzMIgoRQvOWnqxgGQMqrbvmhvnuuU7a0RM2SuTrU/ZemVG1AGbhgMcG9I8rZQhBGcGh5tcOjBG0ableKtFW5VIYZoKU9FaGWEQW3VUbcDMCUEWEM i5PAIdaL2CFjmC1FQkRV5AWQ5pkORGzKYFLA/qoA2lQdld6UF4yTHSlEDoqqe1gRn8Lq1HR+2xGSt3uysPHs409lKWEKbYU9YWCdFMzTnxh0SRNOdg/8 2j2TUiVDFPsEtxbW5bQ2pP+NS4J+3u13WfOWeYUwimfnrN5DEjZwuPqL+29urJ0Vb/YGv3xb4sUdYeWu0e35B2nkwZMZmMI8hkkQkePxakmSTQYxNjFz B8GcUudF8JX0Zxv/WVe6zsVybeUC5VbliYSzmP4G7NEPONKbW1rtS6eNZl3Y2W2br1fWD7A5liSjgRgwi6PygSmZVyYzjmw6TJR6U4NEerF7YUjswkMGG 5xfhwAvkMOGFDk8m8I5mddWBeG7VUHtdNEyvKlBphVcgoKBKYucS6xbHi4G176yC43lYDZ4jFDGEYPZd3SFzv+XUm+9uP1xVX+9vV0uryNK/esXqN+p6 wrzMnrQarShI2fR+Ke3m4tGp5aVcFfxTZ64MBtdXAn82lhxgADiUBX3JcAus7eI5hGKY+eIRwvDR3YKrjeADjBGYaJ48StYCAh9q8XtuY66tnN3m/q3s D78blPuY9FoP0E6ruYr3mLv6Umt/g/K7uTa/5Nd4/nlnlQyEPYekvnyQhWX1igjVCQQxgWIaTEPNmQg9KyG+w0OMosAIHpo0Paw0zA8cdg6sx8cq1a9R RMp4unyHat+B80ETo8XzvxDCH42kGFyfmmjSd4m0TkmIKn5hwFCVT+jxKrLXEPvWqGwalbrynWe99zDyX1kHuBFQbvbrV4VlOp04Pq8HZkq2xXZ9p1QbR TTXhzUXqSWR6rWsvZvaS0seQbMRtNOpTNC0tBqsWOtPEoqqmHKpXzOoD8PYJQwRh3yc+ci/RTnEBq71PGh5yiCwixIkXJnJUYddlZBzhevqrH89c6K16 lJOzpB65zYMbASKGs1IuZ5l1TGnUbFWgPs1C7BJudKeHq+nKo2+GpOcqdM3oKc9T4LoJ/Upd0RiQKPCJCQMFbphwqMCnJgwVuGnCSIFbJnyvwGcmHCnw uQmpArdNGCtwx4SJAl+YMFXgrgkzBe6Z8EyBL02IKVPwKxPnCtw3IVfggQkLBR6acKzAIxOeK/C1CS8U+MaElwp8a8IrBb5rBgSsiKOMXzcU8nYoNAtn g8YK3WmH2AYsiXjBrnMZtC7l0gkWYgjpi3GNW9cMXBW7tlzja5bcU7FnyzVuzQaBr2LflmvcWq0GRMXElmvcmi6DQMWBLdf4hiUfqnhoyzX+1JKHKg5tu cY3LTmURqpFJDzIj+7GtNuyPL1X8Xu7Ihp/ZslHKh7Zco0/t+RUxdSWa9xaDwWximNbrvEdS56oOLHlGn9hybUdn9SWa3zXkmcqzmy5xq3dyeBMxWe2X OMv7QhSMbPlGrc2yoJcxbkt1/i+Jecq5rZc4weWvFBxYcs1fmjJxyoe23KNH1nycxWf23KNv7bkFyq+sOUaf2PJL1V8acs1/taSX6n4ypZr/J31EOHJx OenHIkUaLCNCduwmDdhnsUiJhdIgraPa8hKNcJKRJX4pcQ3lw/v47QNGqE+Le/22kn0KSNkhCjh9Ws+7VVV6YgpEovptTKJmP1gzsXGlURD6n0PvfwplD 9tynVHYiLzCbU8kUw0aIwZHEQ0TWws8t8E6vtQUmbIdQsuN5xC2QJjK1uQg9BuGziTKvlr46MGH83GeST6Br6tvtmXZL8heu+INlIcu76NthGw7YbpTR D5iYWpJRFJN43J0Ha2C2R3JhGBw3Fh1FmMhCu7kSMRMCOcZdgcGyxuVywsRr65UyOfhNDpXec38OeZXrMGf3UNJpDOT529PJJc/v3J3DoQzRC7NeYeoS iXezAG2HxRiTcMHNYXSy/M59TNnSncseB4Agdja9lMJ+OwXIcTs5p42NSzeX9nbWkO2/rOfm3Xn/Zy2bc2yLnyloZb+6Wu265JZ+1P9MX7n3Rc749Od7 Fh3XyqikwVm7a3b12xULZRDpd6d6rT+4ZF29Gtjx3rCnkWTbak9+F46YG1+xkpnRJZnbKXKvsu4sTgG4WydyROzG7Lpk20ViJYPrmx0Ix4H3O5f8iX3g/ E64Xl/nKzeb/sXER10ZX8gRA1I0yI00Z9Wi5171SNj/qk9dSeNf6a0yvlZJZvkYqV2t2uXaP+7dbt7YnH242z2zP8uNgbDVlaJL7azKYOwwH+vypXv31 obkX9/kHP0DflZxZHShjMepmFmkdM89m0nfbF0yfM+oNb8+1/+0HXHxytrvTur6y+fDD/3Vrzf4O+6Py689vOUqfX+abzXWezs9c57Hids85fO3/r/H3 hLwv/WPjnwr9q088/azS/6mifhX//D4uR8ZE=</latexit>
sv2;I1,+
<latexit sha1_base64="3Lmc+rpYJKjFEK7cY2EvLszhF6U=">AAAlBXi cnZpJc9y4Fcd7JttEWcaTHHNBIqksZ2S5W7ZnnMlS05ItS2PJkq3Fiyh1gSTYpBtcBIKtheY5HyLX5JhbKtd8jlzyWfIAkt1YWrJrWuVuEr/3fwTAhwc QtJvRKOfd7n8/+fQHP/zRj3/y2U/nfvbzX/zy81tf/OooTwvmkUMvpSl77eKc0CghhzzilLzOGMGxS8krd7Qu+KsxYXmUJgf8MiMnMR4mURB5mEPR4Nb nTpAPyvFg9Y9bg97yl9Xg1nx35WG394evuqi70pUfefCod7+Hek3JfKf57A2+mP+f46deEZOEexTn+XGvm/GTEjMeeZRUc06Rkwx7Izwkx3CY4JjkJ6W seYUWocRHQcrgX8KRLFUVJY7z/DJ2wTLGPMxNJgpnseOCB49OyijJCk4Sr75QUFDEUyS6AfkRIx6nl3CAPRZBXZEXYoY9Dp01NzfzOlC8qJbnYXpOsUto XtlgRC7zahGFnGff3LvncZyspGx4LxsN77V4zr6ObKtWOGQ4CyPvYrnusZk1W4ZfHsa6kF+ILs0NhTBneSCK1Sof596JZBm+SvXWHB/0TkrhSvSjUDGS kHMvjWOc+L93OPdJgAvKSy8ec15ZBgGOI3rZGk3t4Z4sot0EbkEUIB4SJMK4DoO0LmjDCkW5uG8ukbfuHO4WYSjnl5TcVFG11W4sam5/UAa0doVmYPjM Oanv55FPYsyGUQIj4KEXzzk8zZqCrixYdMQAzMXQ88veyn24FZxc8PPI5yHqPfJihBZR76u6NCTRMORo9WFdvPpgVtU+/Jlzpt1cOsyvjqH9jriJHqblf K+qdIuXJJAmS3CDAsHvGAYU0+HUScDwSHqBKm5HBAEkLsO6JEkr8ZUUsUuY44BDuLtOkkwLm6KgdMCh15xhxqDGohfgKD036hETnNT1oDgZUiJq4TB5K MJLNYUKqZZImL43jUaES6P3aL6HJo70pmfQDkLpAKoVoz2z6/woqOpeYXHpW5SwaFwdr57UbZTmcKmqOVgF+0UR0CkjMaS4AiIUklxOeHNc5sSDzvJJB kmmfFh7b+zLg/q3mhwcg7XI3Sea2WMSREkkyiv1eLbxNoGaV8eNx5PmfHG28XrKUkoxu6yUw9mmeyzN0ry58sS7WmpcY9KFOQQCz1iain4WY8QNhC4Nv nGQg8wOF83Lw9Y8DCJK0YKzll4sIBmDqu3b5sa5bvnWGhFT9tJk61O2XpkRdcCm4QDHhjRPK2UIwZnB4SaXDoxRtGk53mrRViVSmKbCVLRWRhjEVh1VGz BzQpAFBHIuj0AHWq+gRY4gNRVJkRdQlkMaJLkRs2kBS4Q6aENpUHZXehBecow0JRC66mltYAa/S+vRUXtsxsrd7sqDhzONvZQlhCn2lLVFQjRTc078IV EkzTnYf/1odo0IVcwT7FJcm9vWkNoTPjXuSbv7dd1nzhnmFIKpn14zeczI2cIj6q+tvXxytNU/2Np9vi9LlLWHVrvHN6SdJ1NGTCbjCDJZZILHjwVpJg n02MTYBQxfRrEL3VfCl1Hcb33lHiv7lYk3lEuVGxbmUs4juFszxHxjSm2tK7UunnVZd6Nltm59H9j+QKaYEk7EIILuD4pEZqXcGI75MGnyUSkOzdHqhS2 FIzMJTFhuMT6cQD4DTtjQZDLvSGZnHZjXRi2Vx3XTxIoypUZYFTIKigRmLrFucaw4eNPeOgiuN9XAGWIxQxhGz+QdEtd7dp3J/vbjdcXV/na1tLo8zat 3rF6jvifs68xJq8GqkoRN34fiXh4urVpe2lXBn0T2em9AbTXwF3PpIQaAQ0nAlxyXwPoOnmMYhqkPHiEcL80dmOo4HsA4gZnGyaNELSDgoTav1zbm+uq 7m7zf1b2Bd+NyH/Iei0H6EVV3sV5zF39MzW9wflf3ptf8Gu8fzqzyoZCHsPSXT5KQrD4ywRqhIAYwLMNJiHkzoQcl5DdY6HEUWIED08b7tYaZgeOOwdW YeOXaNeooGU+XzxDtW3A+aCL0eL53YpjD8TSDixNzTZpO8bYJSTGFT0w4ipIpfRYl1lpin3rVDYNSN97TrPc+ZJ5L6yB3AqqNXt3q8CynU6eH1eBsydbY rs+0aoPopprw5iL1JDK91rUXM3tJ6WNINuI2GvUpmpYWg1ULnWliUVVTDtUrZvUBePuIIYKw7xMfuZdop7iA1d5HDQ85RBYR4sQLEzmqsOsyMo5wPf3V j2cu9FY9yslZUo/c5sGNABHDWSmXs8w6pjRqtipQn2Yhdgk3utPD1XTl0TdD0nMVumb0lOcpcN2EfqWuaAxIFPjEhIECN0w4VOBTE4YK3DRhpMAtE75T 4HcmHCnwmQmpArdNGCtwx4SJAp+bMFXgrgkzBe6Z8EyBL0yIKVPwSxPnCtw3IVfggQkLBR6acKzAIxOeK/CVCS8U+NqElwp8Y8IrBb5tBgSsiKOMXzcU 8nYoNAtng8YK3WmH2AYsiXjBrnMZtC7l0gkWYgjpi3GNW9cMXBW7tlzja5bcU7FnyzVuzQaBr2LflmvcWq0GRMXElmvcmi6DQMWBLdf4hiUfqnhoyzX+1 JKHKg5tucY3LTmURqpFJDzIj+7GtNuyPL1T8Tu7Ihr/zpKPVDyy5Rp/Zsmpiqkt17i1HgpiFce2XOM7ljxRcWLLNf7ckms7Pqkt1/iuJc9UnNlyjVu7k 8GZis9sucZf2BGkYmbLNW5tlAW5inNbrvF9S85VzG25xg8seaHiwpZr/NCSj1U8tuUaP7Lk5yo+t+Uaf2XJL1R8Ycs1/tqSX6r40pZr/I0lv1LxlS3X+ FvrIcKTic9PORIp0GAbE7ZhMW/CPItFTC6QBG0f15CVaoSViCrxS4lvLh/exWkbNEJ9Wt7ttZPoU0bICFHC69d82quq0hFTJBbTa2USMfvBnIuNK4mG1P seevlTKH/alOuOxETmE2p5Iplo0BgzOIhomthY5L8J1PehpMyQ6xZcbjiFsgXGVrYgB6HdNnAmVfLXxkcNPpqN80j0DXxbfbMvyX5D9N4RbaQ4dn0bbS Ng2w3TmyDyEwtTSyKSbhqToe1sF8juTCICh+PCqLMYCVd2I0ciYEY4y7A5NljcrlhYjHxzp0Y+CaHTu85v4c8zvWYN/vIaTCCdnzp7eSS5/PuzuXUgmi F2a8w9QlEu92AMsPm8Em8YOKwvlp6bz6mbO1O4Y8HxBA7G1rKZTsZhuQ4nZjXxsKln8/7O2tIctvWd/dquP+3lsm9tkHPlLQ239ktdt12Tztqf6Iv3P+ m43h+d7mLDuvlUFZkqNm1v37pioWyjHC717lSn9w2LtqNbHzvWFfIsmmxJ78Px0gNr9zNSOiWyOmUvVfZdxInBNwpl70icmN2WTZtorUSwfHJjoRnxPuZ y/5AvvRuI1wvL/eVm837ZuYjqoiv5AyFqRpgQp436tFzq3qkaH/VJ66k9a/w1p1fKySzfIhUrtbtdu0b9263b2xOPtxtnt2f4cbE3GrK0SHy1mU0dhgP 8vSpXv31obkX9/kHP0DflZxZHShjMepmFmkdM89m0nfbF0yfM+oNb8+1/+0HXHxytrvTur6y+eDD/7Vrzf4M+6/ym87vOUqfX+brzbWezs9c57HidovO 3zt87/1j468I/F/618O/a9NNPGs2vO9pn4T//B5L08mc=</latexit>
sv;I2,+
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Figure 1. A neighborhood of a vertex v in the cubic lattice γ. The square bounded by red edges is S(∆)
of Planckian area ∆. Loop holonomy h(∆) is along ∂S(∆).
where µ = 0, 1, 2, 3 and τµ = (1, τj) and τj = −i(Pauli matrix)j . Vv is the 3-volume at v:
Vv = (Qv)
1/2
, (2.8)
Qv = β
3a6εabc
pa (ev;1+)− pa (ev;1−)
2
pb (ev;2+)− pb (ev;2−)
2
pc (ev;3+)− pc (ev;3−)
2
. (2.9)
H depends on 2 types of variables: flux pa(e) and loop holonomies h(), while h(e){h(e)−1, Vv}
leads to the expression only involving fluxes:
h(ev;J,s)
{
h(ev;J,s)
−1, Vv
}
=
s β3a4κ
2Q
1/2
v
εJMNεabc
[
τa/2
2
]
XbM (v)
2
XcN (v)
2
, (2.10)
XbM (v) = p
b(ev;M,+)− pb(ev;M,−). (2.11)
Note that because pa(e) is covariant flux, we have
pa (ev;I,−) =
1
2
Tr
[
τah
(
ev−Iˆ;I,+
)−1
pb
(
ev−Iˆ;I,+
)
τ bh
(
ev−Iˆ;I,+
)]
. (2.12)
In the following, we are going to construct a new Hamiltonian by modifying Cµ,v. The new
Hamiltonian is resulting from a different regularization of the curvature Fij(A) in Cµ,v. The new
regularization replaces the loop holonomy h() to a different expression:
Firstly h() relates to Fij when the scale of  is small,
h()− h()−1
2
' 1
2
∫

Fij dσ
i ∧ dσj =
∫

F12 dσ
1 ∧ dσ2, (2.13)
where we use  = v;1,2 as an example. We multiply and divide the integrand
√
det(h) where h is
the induced metric on , and assume  is small enough so that F12 and det(h) are approximately
constants.
h()− h()−1
2
'
∫

F12√
det(h)
√
det(h) dσ1 ∧ dσ2 ' F12√
det(h)
(v)
∫

√
det(h) dσ1 ∧ dσ2
=
F12√
det(h)
(v)Ar() = F12(v)∆√
det(h(v))
Ar()
∆
, (2.14)
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where h is the induced metric on the 2d plaquette . In the last step, we multiply and divide a
quantum area scale ∆ ' `2P = ~κ which may be chosen as the LQG minimal area gap: ∆ =
√
3
8 β`
2
P .
We may write ∆ =
∫
S(∆)
√
det(h) dσ1∧dσ2 where S(∆) is a small 2d surface of Planckian size (the
square bounded by red edges in FIG.1). We assume that sizes of S(∆) and  are similar, so F12
and det(h) are also approximately constants on S(∆). We can repeat the trick in Eq.(2.14),
h()− h()−1
2
' Ar()
∆
F12(v)√
det(h(v))
∫
S(∆)
√
det(h) dσ1 ∧ dσ2
' Ar()
∆
∫
S(∆)
F12 dσ
1 ∧ dσ2 ' Ar()
∆
h(∆)− h(∆)−1
2
, (2.15)
where h(∆) is the holonomy along the boundary of S(∆). Here we set
Ar(v;I1s1,I2s2) =
1
2
βa2
∑
s3=±
√
pa(ev;I3,s3)p
a(ev;I3,s3) (I3 6= I1, I2), (2.16)
and Ar() ∼ ∆ ∼ `2P so that Ar()/∆ is finite. The error from approximations (2.13) - (2.15) is
bounded by O(`3P )
1, while h(∆)− h(∆)−1 ∼ O(`2P ). As an interesting perspective, the dependence
on lattice γ is only reflected by the plaquette area Ar(), while h(∆) is independent of γ thus is
invariant under lattice refinement. The price is that the free parameter ∆ has to be introduced.
However it seems to us that ∆ labels the ultraviolet (UV) energy scale where this theory is defined.
We define a new Hamiltonian by using (2.15),
H∆ =
∑
v∈V (γ)
H∆,v, H∆,v =
√
(C∆v )
2 − α
4
(
C∆j,v
)2
(2.17)
C∆v = −
1
β2
C∆0,v −
1 + β2
β2κ
3Rv + Λ
κ
Vv (2.18)
C∆µ,v =
−4
3βκ2
∑
s1,s2,s3=±1
s1s2s3 ε
I1I2I3
Ar(v;I1s1,I2s2)
∆
Tr
[
τµ
(
h(∆v;I1s1,I2s2)− h(∆v;I1s1,I2s2)−1
)
× h(ev;I3s3)
{
h(ev;I3s3)
−1, Vv
} ]
. (2.19)
The derivation in Eq.(2.15) assumes that the size of  is comparable to S(∆). This indicates that
H∆ is defined at UV or the deep quantum level where Ar() ∼ ∆ ∼ `2P . In the semiclassical limit
∆ ∼ `2P → 0 (or ∆  Ar()), the loop ∂S(∆) shrinks and h(∆) − h(∆)−1 → 2
∫
S(∆)
F . Then we
reverse the derivation in Eqs.(2.14) and (2.15) and recover the classical expression of the physical
Hamiltonian. If we keep Ar() ∼ ∆ ∼ `2P in the semiclassical limit (so  also shrinks), we recover
the continuum expression of the physical Hamiltonian.
3 Holonomy along Planckian Segment
As preparation for defining h(∆) in H∆, in this section we construct the length-dependent holonomy
h∆ (s) along the segment s whose length is fixed as
√
∆. We denote by h∆ (sv;I,s) with s = +/−
the holonomy along s toward the positive/negative I-th direction at v. sv;I,s ⊂ ev;I,s and shares the
same source v with ev;I,s (sv;I,s is the red segment along ev;I,s in FIG.1). In contrast to h (ev;I,s),
h∆ (sv;I,s) has sv;I,s with fixed length
√
∆:
h∆ (sv;I,s) = P exp
[∫ 1
0
du
3∑
J=1
dσJ
du
AaJ(~σ(u))
τa
2
]
,
√
∆ =
∫ 1
0
du
√
qIJ
dσI
du
dσJ
du
, (3.1)
1Given any 2d integral of a bounded function f(x) whose upper and lower bounds are f(a) = fmax, f(b) = fmin,
we have | ∫S d2x f(x)−∫S d2x f(v)| ≤ ∫S d2x|f(x)−f(v)| ≤ Ar(S)|fmax−fmin| ≤ CAr(S)||a−b|| for some constant
C, where Ar(S) ∼ `2P and ||a− b|| ∼ `P for S = S(∆) or .
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where σJ(u) (J = 1, 2, 3) is a parametrization the segment sv;I,s such that the source and target
of the segment correspond to u = 0, 1. For simplicity, we adapt the coordinates σJ to the lattice
γ, such that the σJ coordinate axis is along ev;I,s or sv;I,s. The tangent vector of sv;I,s has the
only nonzero component dσI/du (dσJ/du = 0 for J 6= I). We assume dσI/du > 0 without loss of
generality. Eq.(4.18) simplifies to
h∆(sv;I,s) = P exp
[∫ 1
0
du
dσI
du
AaI (σ
I(u), 0, 0)
τa
2
]
(no sum in I), (3.2)
√
∆ =
∫ 1
0
du
dσI
du
√
qII (3.3)
Eq.(3.3) can be solved by
dσI
du
=
√
∆
qII
=
√
∆ det(q)
1
2ImnE
m
b E
n
c IpqE
p
bE
q
c
(no sum in I), (3.4)
where we have expressed the metric component qII = e
a
Ie
a
I in terms of densitized triads E
j
a, using
eai =
1/2√
det(q)
ijk
abcEjbE
k
c . It is clear that the solution to Eq.(3.3) is not unique. We make the
choice Eq.(3.4) and insert in Eq.(3.2) as a definition of h∆(s). Moreover, we regularize dσ
I/du to
express in terms of fluxes: For instance
dσ1
du
=
√
∆ det(q)
(E2 · E2) (E3 · E3)− (E2 · E3)2
= δσ1
√
∆ det(q)
(E2 · E2) (E3 · E3)− (E2 · E3)2
δσ1δσ2δσ3
δσ1δσ3δσ1δσ2
' λ
√
Qv/ (β3a6)
[p(ev;2,s) · p(ev;2,s)] [p(ev;3,s) · p(ev;3,s)]− [p(ev;2,s) · p(ev;3,s)]2
≡ µ¯v;1,s, (3.5)
λ =
δσ1
β1/2a
√
∆, (3.6)
where δσI is the coordinate scale of the 2-surface Sev;I,s defining p(ev;I,s). We set δσ
I = 1 since
the coordinate length of ev;I,s is set to be 1. Thus λ is a constant. It is clear that µ¯v;1,s reduces to
dσ1/du when taking the continuum limit. Similarly, we have
dσ2
du
' µ¯v;2,s = λ
√
Qv/ (β3a6)
[p(ev;1,s) · p(ev;1,s)] [p(ev;3,s) · p(ev;3,s)]− [p(ev;1,s) · p(ev;3,s)]2
, (3.7)
dσ3
du
' µ¯v;3,s = λ
√
Qv/ (β3a6)
[p(ev;1,s) · p(ev;1,s)] [p(ev;2,s) · p(ev;2,s)]− [p(ev;1,s) · p(ev;2,s)]2
. (3.8)
We obtain the following result when inserting the above µ¯v;I,s in h∆(sv;I,s):
Lemma 3.1. A gauge transformation can lead to the following expression for h∆(sv;I,s) while
leaving h(ev;I,s) invariant:
h∆(sv;I,s) = e
µ¯v;I,sθ
a(ev;I,s)τ
a/2, sv;I,s ⊂ ev;I,s (3.9)
where θa(ev;I,s) is given by the lattice edge holonomy h(ev;I,s):
h(ev;I,s) = e
θa(ev;I,s)τ
a/2. (3.10)
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Proof: We impose locally the following axial gauge to the connection A along every edge ev;I,s,
i.e. at a given ev;I,s, the restriction of A along the edge, A
a
I , is fixed to be a constant.
AaI (~σ) = θ
a(ev;I,s), ~σ ∈ ev;I,s, (3.11)
Indeed Eq.(3.11) can be obtained by a gauge transformation from generic A:
g(σI)AI(σ
I)g(σI)−1 − ∂Ig(σI) g(σI)−1 = θ(ev;I,s), (3.12)
where AI(σ
I) = AaI (σ
I) τ
a
2 and θ(ev;I,s) = θ
a(ev;I,s)
τa
2 . Equivalently, the above gauge transforma-
tion is a 1st order ordinary differential equation of g(σI) along ev;I,s:
∂Ig(σ
I) = g(σI)AI(σ
I)− θ(ev;I,s)g(σI). (3.13)
The solution to the above equation is given by2
g(σI) = e−σ
Iθ(ev;I,s) P exp
[∫ σI
0
dσ′IAI(σ′I)
]
. (3.14)
If the constant θ(ev;I,s) is chosen such that
eθ(ev;I,s) = P exp
[∫ 1
0
dσ′IAI(σ′I)
]
= h(ev;I,s), (3.15)
we obtain that gauge transformations are identities at the source and target of ev;I,s.
g(0) = g(1) = 1. (3.16)
Therefore the gauge transformation g(~σ) leaves all lattice edge holonomies h(ev;I,s) invariant, while
transforming locally the connection A. Inserting Eq.(3.11) and the definition of µ¯v;I,s into h∆(sv;I,s)
gives Eq.(3.9).

4 Loop Holonomy around Planckian Plaquette
The curvature F (A) smeared on the Planckian size S(∆) relates to the loop holonomy h(∆) along
∂S(∆). Here we assume the shape of S(∆) to be a square, i.e. ∂S(∆) is made by 4 edges (see
FIG.1), and h(∆) is given by
h (∆v;I1,s1,I2,s2) = h∆ (sv;I1,s1)h∆ (sv1;I2,s2)h∆ (sv2;I1,s1)
−1
h∆ (sv;I2,s2)
−1
. (4.1)
where v1, v2 are vertices of ∂S(∆) (see FIG.1). h∆ (sv;I1,s1) and h∆ (sv;I2,s2) with sv;I1,s1 ⊂ ev;I1,s1
and sv;I2,s2 ⊂ ev;I2,s2 are given by Eq.(3.9). However h∆ (sv1;I2,s2) and h∆ (sv2;I1,s1) are based on
segments sv1;I2,s2 , sv2;I1,s1 which do not belong to any edge in γ. To construct these 2 holonomies,
we write
h∆ (sv2;I1,s1) = e
X1 , h∆ (sv1;I2,s2) = e
X2 , (4.2)
and expand h (∆) since the size of S(∆) is Planckian:
h (∆v;I1,s1,I2,s2) = 1 + (µ¯v;I1,s1θ(ev;I1,s1)−X1)− (µ¯v,I2,s2θ(ev;I2,s2)−X2)
+µ¯v;I1,s1 µ¯v,I2,s2 [θ(ev;I1,s1), θ(ev;I2,s2)] +O(`
3
P ) (4.3)
2The holonomy h(σI) ≡ P exp
[∫ σI
0 dσ
′IAI(σ′I)
]
satisfies ∂Ih(σ
I) = h(σI)AI(σ
I).
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where we have ignored higher orders in size of S(∆). h (∆v;I1,s1,I2,s2)−1 approximates the curvature
integrated on S(∆)
(µ¯v;I1,s1θ(ev;I1,s1)−X1)− (µ¯v,I2,s2θ(ev;I1,s1)−X2) + µ¯v;I1,s1 µ¯v,I2,s2 [θ(ev;I1,s1), θ(ev;I2,s2)]
' 1
2
∫
S(∆v;I1,s1,I2,s2 )
dσI ∧ dσJ FIJ(~σ). (4.4)
On the other hand, the loop holonomy along the lattice edges can be expanded similarly:
h (v;I1,s1,I2,s2) = h (ev;I1,s1)h
(
ev+s1Iˆ1;I2,s2
)
h
(
ev+s2Iˆ2;I1,s1
)−1
h (ev;I2,s2)
−1
' 1 +
(
θ(ev;I1,s1)− θ(ev+s2Iˆ2;I1,s1)
)
−
(
θ(ev;I2,s2)− θ(ev+s1Iˆ1;I2,s2)
)
+ [θ(ev;I1,s1), θ(ev;I2,s2)] (4.5)
up to higher order in lattice size. The curvature integrated on the lattice plaquette  is approxi-
mated by h (v;I1,s1,I2,s2)− 1:
1
2
∫
v;I1,s1,I2,s2
dσI ∧ dσJ FIJ(~σ) '
(
θ(ev;I1,s1)− θ(ev+s2Iˆ2;I1,s1)
)
−
(
θ(ev;I2,s2)− θ(ev+s1Iˆ1;I2,s2)
)
+ [θ(ev;I1,s1), θ(ev;I2,s2)] . (4.6)
Consistent with our regularization (2.14) and (2.15), FIJ(~σ) are approximately constant on both
S(∆) and . Therefore∫
S(∆v;I1,s1,I2,s2 )
dσI ∧ dσJ FIJ(~σ) ' µ¯v;I1,s1 µ¯v,I2,s2
∫
v;I1,s1,I2,s2
dσI ∧ dσJ FIJ(~σ). (4.7)
This relation and comparing Eqs.(4.4) and (4.6) suggest the following definition of X1 and X2
X1 := µ¯v;I1,s1θ(ev;I1,s1)− µ¯v;I1,s1 µ¯v;I2,s2
(
θ(ev;I1,s1)− θ(ev+s2Iˆ2;I1,s1)
)
, (4.8)
X2 := µ¯v;I2,s2θ(ev;I2,s2)− µ¯v;I1,s1 µ¯v;I2,s2
(
θ(ev;I2,s2)− θ(ev+s1Iˆ1;I2,s2)
)
. (4.9)
With the aboveX1, X2, the holonomies h∆ (sv2;I1,s1) = e
X1 , h∆ (sv1;I2,s2) = e
X2 reduce to h∆ (sv;I1,s1),
h∆ (sv;I2,s2) when the connection A is constant on , and reduce to h(ev+s1Iˆ1;I2,s2), h(ev+s2Iˆ2;I1,s1)
when µ¯v;I1,s1 = µ¯v;I2,s2 = 1, i.e. when  coincides with S(∆).
To interprete h∆ (sv1;I2,s2) and h∆ (sv2;I1,s1) as holonomies, we define the following connection
field in the plaquette v,I,J bounded by ev;I1,s1 ev;I2,s2 (I, J = 1, 2, 3)
A(~σ) =
[
(1− σI2)θ(ev;I1,s1) + σI2θ(ev+s2Iˆ2;I1,s1)
]
dσI1
+
[
(1− σI1)θ(ev;I2,s2) + σI1θ(ev+s1Iˆ1;I2,s2)
]
dσI2 . (4.10)
AI1 reduces to θ(ev;I1,s1) (or θ(ev+s2Iˆ2;I1,s1)) along ev;I1,s1 at σ
I2 = 0 (or ev+s2Iˆ2;I1,s1 at σ
I2 = 1),
while AI2 reduces to θ(ev;I2,s2) (or θ(ev+s1Iˆ1;I2,s2)) along ev;I2,s2 at σ
I1 = 0 (or ev+s1Iˆ1;I2,s2 at
σI1 = 1). Therefore A is an extension of the connection along lattice edges to the plaquette . It
may be generalized to a connection in the 3d cube by
A(~σ) =
[
(1− σ2 − σ3)θ(ev;1,+) + σ2θ(ev+2ˆ;1,+) + σ3θ(ev+3ˆ;1,+)
]
dσ1
+
[
(1− σ1 − σ3)θ(ev;2,+) + σ1θ(ev+1ˆ;2,+) + σ3θ(ev+3ˆ;2,+)
]
dσ2
+
[
(1− σ1 − σ2)θ(ev;3,+) + σ1θ(ev+1ˆ;3,+) + σ2θ(ev+2ˆ;3,+)
]
dσ3. (4.11)
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.The above proposed relation between A and θ(e) is not gauge invariant. One may notice that A
in Eq.(4.11) satisfy
∑3
I=1 ∂IAI = 0 which cannot be always satisfied by all gauge transformations
of A. Therefore the expression of A in Eq.(4.10) or (4.11) in terms of θ(e) depends on certain
gauge fixing. Since we are going to apply H∆ to cosmology, we impose the following gauge fixing
condition to θ(e)
3∑
a=1
δI+1a θ
a(ev;I,+) = 0. (4.12)
In Section 6, when we perturb θa(ev;I,+) from the homogeneous variables: θ
a(ev;I,+) =
[
θI + δθ‖(ev;I,+)
]
δaI+
δθa⊥(ev;I,+) where δθ
a
⊥(ev;I,+) is perpendicular to δ
a
I , the gauge condition fixes one component of
δθa⊥(ev;I,+) to zero.
In terms of ~σ-coordinate, v = (0, 0), v1 = (µ¯v,1,s1 , 0), v2 = (0, µ¯v,2,s2), and v
? = (µ¯v,1,s1 , µ¯v,2,s2)
where v? is the intersection between sv1;I2,s2 and sv2;I1,s1 . Along sv1;I2,s2 (or sv2;I1,s1), AI2 (or AI2)
is constant:
AI2(µ¯v;I1,s1 , σ
I2) =
[
(1− µ¯v;I1,s1)θ(ev;I2,s2) + µ¯v;I1,s1θ(ev+s1Iˆ1;I2,s2)
]
along sv1;I2,s2 (4.13)
AI1(σ
I1 , µ¯v;I2,s2) =
[
(1− µ¯v;I2,s2)θ(ev;I1,s1) + µ¯v;I2,s2θ(ev+s2Iˆ2;I1,s1)
]
along sv2;I1,s1 (4.14)
Therefore the holonomies along sv1;I2,s2 and sv2;I1,s1 reproduces
h∆ (sv1;I2,s2) = P exp
[∫ 1
0
du
dσI2
du
AI2
(
µ¯v;I1,s1 , σ
I2
)]
= eX2 , (4.15)
h∆ (sv2;I1,s1) = P exp
[∫ 1
0
du
dσI1
du
AI1
(
σI1 , µ¯v;I2,s2
)]
= eX1 . (4.16)
where dσ
I
du is the same as µ¯v;I,s at v. Similarly the connection also reproduce holonomies h∆ (sv;I2,s2)
and h∆ (sv;I1,s1) in Eq.(3.9).
In summary, we have obtained the following definition of the loop holonomy h(∆) around a
Planckian size plaquette S(∆):
h (∆v;I1,s1,I2,s2) = h∆ (sv;I1,s1)h∆ (sv1;I2,s2)h∆ (sv2;I1,s1)
−1
h∆ (sv;I2,s2)
−1
. (4.17)
where holonomies along segments are given by
h∆ (sv;I1,s1) = e
µ¯v;I1,s1θ(ev;I1,s1 ), (4.18)
h∆ (sv1;I2,s2) = e
µ¯v;I2,s2θ(ev;I2,s2 )−µ¯v;I1,s1 µ¯v;I2,s2
(
θ(ev;I2,s2 )−θ(ev+s1 Iˆ1;I2,s2 )
)
, (4.19)
h∆ (sv2;I1,s1)
−1
= e
−µ¯v;I1,s1θ(ev;I1,s1 )+µ¯v;I1,s1 µ¯v;I2,s2
(
θ(ev;I1,s1 )−θ(ev+s2 Iˆ2;I1,s1 )
)
, (4.20)
h∆ (sv;I2,s2)
−1
= e−µ¯v;I2,s2θ(ev;I2,s2 ). (4.21)
h(∆) is the loop holonomy of the connection A in Eq.(4.10). Although h(∆) contains holonomies
that do not along edges in the lattice γ, we are able to expresses h(∆) in terms of lattice variables
θ(e) = θa(e)τa/2 and pa(e) by the above construction. Inserting the above loop holonomy into
Eqs.(2.17) and (2.19) defines the improved Hamiltonian H∆.
Simple expressions of h∆(s) in terms of θ(e) (in Eqs.(4.18) - (4.21)) rely on the expression of A
(in Eq.(4.10)) which depends on the gauge fixing. Although a generic gauge transformation leave
H∆ invariant, it may change expressions of h∆(s) by adding terms with higher order in µ¯ to their
exponents, as suggested by some numerical tests.
Although H∆ with h∆(s) in Eqs.(4.18) - (4.21) depends on the gauge fixing condition, the
effective dynamics of cosmology derived from H∆ turns out to be gauge invariant (Gauss constraint
is preserved by the dynamics) and independent of gauge fixing.
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5 Effective Equations of Full LQG
We propose a discrete (canonical) effective action which govern the effective dynamics of the full
LQG
Seff [g, h] =
N+1∑
i=0
K (gi+1, gi)− iκ
a2
N∑
i=1
δτH∆[gi], (5.1)
where gi = {gi(e)}e∈E(γ), gi(e) = e−ipa(e)τa/2eθa(e)τa/2, and i = 1, · · · , N label steps of discrete
time evolution δτ . a is a length unit. The kinetic term in the action is implied by the coherent
state path integral in [14]:
K (gi+1, gi) =
∑
e∈E(γ)
[
zi+1,i(e)
2 − 1
2
pi+1(e)
2 − 1
2
pi(e)
2
]
, (5.2)
zi+1,i(e) = arccosh (xi+1,i(e)) , xi+1,i(e) =
1
2
tr
[
gi+1(e)
†gi(e)
]
. (5.3)
The effective action Seff is designed in analogy with the “classical action” in the path integral for-
mula derived in [14], while here we employ the improved Hamiltoninan H∆. Due to the dependence
of the scale ∆ ∼ `2P , Seff is viewed as an “quantum effective action” defined at the high energy
scale corresponding to ∆. Seff contains quantum effects and depends on the scale ∆ as an analog
of the UV cut-off in quantum field theory. Variables pa(e), θa(e) are vacuum expectation values
(VEVs) satisfying δSeff = 0. We expect that Seff might be derived from the path integral in [14]
by the standard procedure of quantum effective action in quantum field theory.
The variational principle δSeff = 0 gives the following equation of motion to determine VEVs
pa(e), θa(e) [14]:
• For i = 1, · · · , N , at every edge e ∈ E(γ),
1
δτ
[
zi+1,i(e) tr
[
τagi+1(e)
†gi(e)
]√
xi+1,i(e)− 1
√
xi+1,i(e) + 1
− pi(e) tr
[
τagi(e)
†gi(e)
]
sinh(pi(e))
]
=
iκ
a2
∂H∆ [g
ε
i ]
∂εa(e)
∣∣∣∣∣
~ε=0
(5.4)
• For i = 2, · · · , N + 1, at every edge e ∈ E(γ),
1
δτ
[
zi,i−1(e) tr
[
τagi(e)
†gi−1(e)
]√
xi,i−1(e)− 1
√
xi,i−1(e) + 1
− pi(e) tr
[
τagi(e)
†gi(e)
]
sinh(pi(e))
]
= − iκ
a2
∂H∆ [g
ε
i ]
∂ε¯a(e)
∣∣∣∣∣
~ε=0
. (5.5)
On the right-hand sides of Eqs.(5.4) and (5.5),
gεi (e) = gi(e)e
εai (e)τ
a
. (5.6)
The above equations of motion are understood as quantum effective equations since they are
derived from the quantum effective action Seff . These effective equations determine the improved
effective dynamics of the full LQG. These equations are complemented by the gauge condition for
defining H∆.
6 Homogeneous Effective Dynamics
In order to make contact to LQC, we study solutions of effective equations which are homogeneous
(non-isotropic) at every time-slice S. We impose the following ansatz at every S:
pa(ev;I,s) = s pI(τ)δ
a
I , (pI > 0), θ
a(ev;I,s) = s θI(τ)δ
a
I , (6.1)
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where pI(τ), θI(τ) (I = 1, 2, 3) are 6 constants on S but evolve in time. It is easy to see that four
h∆(s)’s in h(∆) reduces to the holonomies in LQC µ¯-scheme:
h∆(sv;I,s) = exp
(
sλ
√
pI
pI+1pI+2
θIτI/2
)
, (6.2)
where I, I + 1, I + 2 are defined mod 3.
We insert the homogeneous ansatz (6.1) into effective equations (5.4) and (5.5), and take the
continuous limit δτ → 0. The effective equations reduce to differential equations of homogeneous
variables pI(τ), θI(τ). A part of this computation is a simple generalization from the computation
for homogeneous and isotropic cosmology in [14], and is sketched as follows:
First of all, inserting (6.1) into Eqs.(5.4) and (5.5) gives
δaI
[
dθI
dτ
+ i
dpI
dτ
]
=
iκ
a2
∂H∆ [g
ε]
∂εa (eI(v))
∣∣∣∣
~ε=0
, δaI
[
dθI
dτ
− idpI
dτ
]
= − iκ
a2
∂H∆ [g
ε]
∂ε¯a (eI(v))
∣∣∣∣
~ε=0
, (6.3)
where eI(v) ≡ ev;I,+.
Since H∆ is conveniently expressed as a function of p
a(e), θa(e), we would like to write the
right-hand sides of Eq.(6.3) in terms of derivatives of pa(e), θa(e). Eq.(5.6) can be rewritten in the
polar-decomposition form where we extract perturbations of pa, θa:
gε(eI(v)) = e
(θ−ip) τI2 eε
a(eI(v))τ
a
= e−ip
a(eI(v))τ
a/2eθ
a(eI(v))τ
a/2, (6.4)
where pa, θa contains longitudinal perturbations δp‖, δθ‖ and transverse perturbations δpa⊥, δθ
a
⊥ with
a = I + 1, I + 2 mod 3 ,
pa(eI(v)) =
[
pI + δp‖(eI(v))
]
δaI + δp
a
⊥(eI(v)), (6.5)
θa(eI(v)) =
[
θI + δθ‖(eI(v))
]
δaI + δθ
a
⊥(eI(v)). (6.6)
δp‖δaI , δθ‖δ
a
I and δp
a
⊥, δθ
a
⊥ are perpendicular and relate to ε
a up to O(ε2) by
δp‖(eI(v)) = i
[
εI(eI(v))− ε¯I(eI(v))
]
, δθ‖(eI(v)) = εI(eI(v)) + ε¯I(eI(v)), (6.7)(
δpI+1⊥ (eI(v))
δpI+2⊥ (eI(v))
)
=
ip
sinh(p)
(
cos(θ) − sin(θ)
sin(θ) cos(θ)
)(
εI+1(eI(v))− ε¯I+1(eI(v))
εI+2(eI(v))− ε¯I+2(eI(v))
)
, (6.8)(
δθI+1⊥ (eI(v))
δθI+2⊥ (eI(v))
)
=
θ/2
sin(θ/2)
[(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)
)(
εI+1(eI(v)) + ε¯
I+1(eI(v))
εI+2(eI(v)) + ε¯
I+2(eI(v))
)
+i tanh(p/2)
(
sin(θ/2) cos(θ/2)
− cos(θ/2) sin(θ/2)
)(
εI+1(eI(v))− ε¯I+1(eI(v))
εI+2(eI(v))− ε¯I+2(eI(v))
)]
.(6.9)
The above linear transformation between εa and δp, δθ is non-degenerate. By changing variables,
Eq.(6.3) reduces to
• The diagonals a = I give time evolution equations
dθI
dτ
= − κ
a2
∂H∆ [g
ε]
∂δp‖ (eI(v))
∣∣∣∣
δθ=δp=0
,
dpI
dτ
=
κ
a2
∂H∆ [g
ε]
∂δθ‖ (eI(v))
∣∣∣∣
δθ=δp=0
. (6.10)
• The off-diagonals a 6= I give constraint equations
∂H∆ [g
ε]
∂δpa⊥ (eI(v))
∣∣∣∣
δθ=δp=0
= 0,
∂H∆ [g
ε]
∂δθa⊥ (eI(v))
∣∣∣∣
δθ=δp=0
= 0, a 6= I. (6.11)
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The gauge condition Eq.(4.12) set some components of δθ⊥ to zero. So Eq.(6.11) only needs
to take into account derivatives of nonzero δθ⊥. However we can show (in below) that Eq.(6.11)
is satisfied for all δθ⊥ even without imposing the gauge condition. Moreover the (discrete) Gauss
constraint (namely, the closure condition)
−
∑
e,s(e)=v
pa1(e) +
∑
e,t(e)=v
Λab
(
~θ1(e)
)
pb1(e) = 0, where e
θaτa/2τae−θ
aτa/2 = Λab (
~θ)τ b (6.12)
is satisfied by the ansatz at all τ . Therefore when we find a solution (as shown below) by inserting
the ansatz to Eqs.(5.4) and (5.5), the effective dynamics implied by the solution is gauge invariant
since the Gauss constraint is preserved by the dynamics.
Computing derivatives of H∆ leads to the following result:
Theorem 6.1. The time evolution equations (6.10) are equivalent to the following Hamiltonian
equations
dθI
dτ
= − κ
a2
∂
∂pI
H∆(~θ, ~p),
dpI
dτ
=
κ
a2
∂
∂θI
H∆(~θ, ~p), (6.13)
where H∆(~θ, ~p) = −C∆v |δθ=δp=0:
H∆(~θ, ~p) =
16a3
3κβ1/2∆
√
p1p2p3
[
sin
(
θ2λp2√
p1p2p3
)
sin
(
θ3λp3√
p1p2p3
)
+ sin
(
θ1λp1√
p1p2p3
)
sin
(
θ2λp2√
p1p2p3
)
+ sin
(
θ1λp1√
p1p2p3
)
sin
(
θ3λp3√
p1p2p3
)
− 3
16
β2∆Λ
]
, (6.14)
while Eq.(6.11) are satisfied automatically.
Proof: For a short-hand notation, ξA = (δpa‖(e), δp
a
⊥(e), δθ‖(e), δθ⊥(e)) denotes a vector of all
perturbations. We have the following expansion
H =
∑
v
√√√√√
∣∣∣∣∣∣
[
C∆v
∣∣
0
+
∂C∆v
∂ξA
∣∣∣
0
ξA +O(ξ2)
]2
− α
4
[
C∆j,v
∣∣
0
+
∂C∆j,v
∂ξA
∣∣∣
0
ξA +O(ξ2)
]2∣∣∣∣∣∣ (6.15)
where |0 means evaluation at ξA = 0. The contributions to ∂C∆v /∂ξA|0 only come from the
Euclidean Hamiltonian and cosmological constant terms in C∆v .
3Rv does not contribute because
3Rv = O(ξ2). Moreover C∆j,v|0 = 0 so the diffeomorphism constraint has no contribution to the
linear order in ξA, and the result is independent of α. We expand H and ignore O(ξ2)
H =
∑
v
√
(C∆v )
2
∣∣
0
+ 2C∆v
∣∣
0
∂C∆v
∂ξA
∣∣∣
0
ξA +O(ξ2)
=
∑
v
√
(C∆v )
2
∣∣
0
+
∑
v
sgn
(
C∆v
∣∣
0
) ∂C∆v
∂ξA
∣∣∣
0
ξA +O(ξ2)
= −
∑
v
C∆v
∣∣
0
−
∑
v
∂C∆v
∂ξA
∣∣∣
0
ξA +O(ξ2) (6.16)
where in the last step we use Cv < 0 resulting from the physical dust (see Appendix A).∑
v ∂C
∆
v /∂ξ
A|0 can be obtained by a straight-forward Mathematica computation (the Mathe-
matica code can be downloaded at [36]):∑
v
∂C∆v
∂δpa⊥(eI(v))
∣∣∣
0
=
∑
v
∂C∆v
∂δθa⊥(eI(v))
∣∣∣
0
= 0, (6.17)
∑
v
∂C∆v
∂δpa‖(eI(v))
∣∣∣
0
= −∂H∆(
~θ, ~p)
∂pI
,
∑
v
∂C∆v
∂δθa‖(eI(v))
∣∣∣
0
= −∂H∆(
~θ, ~p)
∂θI
, (6.18)
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where H∆(~θ, ~p) is given by Eq.(6.14). Eq.(6.17) implies constraint equations(6.11) are automatically
satisfied, while Eq.(6.18) implies Eq.(6.13).

To contact the effective dynamics in LQC Bianchi-I model [37], we define
µ¯1 = λ
√
p1
p2p3
, µ¯2 = λ
√
p2
p1p3
, µ¯3 = λ
√
p3
p1p2
, λ =
√
∆
β1/2a
. (6.19)
In terms of the conventional variables CI , PI used in LQC,
θI = CI , pI =
PI
βa2
, (6.20)
µ¯1 =
√
∆
√
P1
P2P3
, µ¯2 =
√
∆
√
P2
P1P3
, µ¯3 =
√
∆
√
P3
P1P2
. (6.21)
Then H∆(~θ, ~p) is reduces to the effective Hamiltonian in LQC up to an overall minus sign:
H∆(~θ, ~p) =
16a
3β3/2κ
1
(p1p2p3)
1/2
(
sin (µ¯1θ1)
µ¯1
sin (µ¯2θ2)
µ¯2
p1p2 + cyclic terms
)
−a
3β3/2
κ
Λ (p1p2p3)
1/2
(6.22)
=
16
3β2κ
1
(P1P2P3)
1/2
(
sin (µ¯1C1)
µ¯1
sin (µ¯2C2)
µ¯2
P1P2 + cyclic terms
)
−Λ
κ
(P1P2P3)
1/2
(6.23)
The overall minus sign is due to the choice of physical dust and flowing τ backward, corresponding
to a negative lapse (see Appendix A for details).
7 Cosmic Bounce in µ¯ - Scheme
We simplify to the homogenous and isotropy cosmology by identifying pI = p and θI = θ for
I = 1, 2, 3. Eqs.(6.13) and (6.14) reduce to
dθ
dτ
= − κ
a2
∂
∂p
H∆(θ, p),
dp
dτ
=
κ
a2
∂
∂θ
H∆(θ, p), (7.1)
H∆(θ, p) =
1
3
H∆(~θ, ~p)
∣∣∣
pI=p,θI=θ
=
16a3
3β1/2κ∆
√
p3
[
sin2
(
λ√
p
θ
)
− β
2∆Λ
16
]
(7.2)
It is convenient to make the following change of variables:
V = (pa2β)3/2, b =
λ√
p
θ. (7.3)
H∆ reduces to the LQC Hamiltonian up to a overall minus sign:
H∆ =
16
3β2κ∆
V sin2(b)− Λ
3κ
V. (7.4)
In terms of (V, b), the evolution equations become
dV
dτ
=
8V sin(2b)
β
√
∆
,
db
dτ
=
β2∆Λ + 8 cos(2b)− 8
2β
√
∆
. (7.5)
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H∆ is conserved in the time evolution:
16
3β2κ∆
V sin2(b)− Λ
3κ
V =
E
3
=
ρV
3
(7.6)
where ρ is the energy of the physical dust (see Eq.(A.18)). This conservation law can be used
to solve for sin(b), whose solution can be insert into the first evolution equation. The resulting
equation in terms of the scale factor a = V 1/3 gives the modified Fredmann equation(
a˙
a
)2
=
16
9
[
Λ
(
1− β
2∆Λ
16
)
+ κρ
(
1− β
2∆Λ
8
)
− β
2∆κ2
16
ρ2
]
(7.7)
where a˙ = da/dτ or da/d(−τ). The modified Fredmann equation reduces to the standard Fredmann
equation (up to rescaling τ) at low density ρ  1, with the renormalized gravitational constant κ¯
and cosmological constant Λ¯:
κ¯ = κ
(
1− β
2∆Λ
8
)
, Λ¯ = Λ
(
1− β
2∆Λ
16
)
. (7.8)
The backward time evolution stop at a˙ = 0 and gives the Planckian critical density
ρc =
16− β2∆Λ
β2∆κ
. (7.9)
which is a nonzero constant independent of the conserved quantity E , in contrast to the µ0-scheme
effective dynamics obtained in [14]. Nonzero ρc at a˙ = 0 indicates that the big-bang singularity is
resolved and replaced by a bounce.
8 Lattice Independence
In this section we focus on homogeneous variables Eq.(6.1) and study the behavior of H∆ by refining
the cubic lattice γ.
We define a sequence of cubic lattices γr, r = 0, 1, 2, · · · , with γ0 = γ. If edges in γ have unit
coordinate lengths, every edge in γr has a coordinate length r
−1 in the same coordinate system.
The continuum limit is given by r →∞.
A key observation in the improved Hamiltonian H∆ is that the loop holonomy h(∆) is invariant
under lattice refinement. By definition h(∆) is a holonomy around a surface with fixed area, thus
is independent of the lattice size. More specifically at homogeneous variables, we have on γr,
θ
(r)
I = r
−1θI , p
(r)
I = r
−2pI , µ¯
(r)
I = rµ¯I , (8.1)
where the superscript (r) labels quantities on γr. h∆(s) in Eqs.(4.18) - (4.21) are indeed invariant
under the lattice refinement. Consequently, sin
(
θIλpI√
pIpI+1pI+2
)
in Eq.(6.14) doesn’t scale under the
refinement. Therefore C∆v scales the same as volume
C∆v
(r) = r−3C∆v . (8.2)
C∆v
(r) is constant at all v by homogeneity while the number of vertices scales as |V (γr)| = r3|V (γ)|.
We obtain the invariance of the Hamiltonian
H
(r)
∆ = H∆. (8.3)
Therefore the continuum limit of H∆ is trivial at homogeneous variables. Evaluating H∆ on any
cubic lattice is equivalent to the evaluation on the continuum.
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Because H∆ in Eqs (6.13) and (7.1) equal to −C∆v evaluated at homogeneous variables, the
scalings (8.1) and (8.2) imply that Eqs.(6.13) and (7.1) are invariant under the lattice refinement.
Therefore the cosmological effective dynamics, the predictions of bounce and critical density are
independent of the lattice refinement, so can be understood as results at the continuum limit.
If there exists an operator Hˆ∆
(r) such that H
(r)
∆ = 〈ψ(r)|Hˆ∆(r)|ψ(r)〉 with a sequence of states
ψ(r) representing the homogeneous spatial geometry in the LQG Hilbert space on γr, Eq.(8.3)
becomes
〈ψ(r)|Hˆ∆(r)|ψ(r)〉 = 〈ψ(0)|Hˆ∆(0)|ψ(0)〉, (8.4)
which suggests H∆ at homogeneous variables is a fix point in the Hamiltonian renormalization
proposed in [33]. However, constructions of the operator and states such as Hˆ∆ and ψ
(r) are
beyond the scope of this paper.
Interestingly, from the viewpoint of lattice field theory, the trivially of the lattice refinement
Eq.(8.3) suggests that the theory is scaling invariant in 3 dimensions at the state of homogeneous
spatial geometry, and is conformal invariant at the state of homogeneous and isotropic spatial
geometry3. This 3-dimensional conformal invariance may relate to the (anti)-de Sitter/conformal
field theory correspondence.
9 Outlook
In this section, we discuss a few interesting perspectives which have not yet been addressed in this
paper, but will be studied and reported in the future.
Firstly as has been mentioned a few times in the above discussion, it is useful to develop an
operator formalism for H∆ and find a series of semiclassical states ψ
(r) to realize Eq.(8.4), in
particular from the perspective of the Hamiltonian renormalization. We should also search for a
quantum derivation of Seff from the path integral formula in [14].
Secondly, a research currently undergoing is to generalize the effective dynamics from homo-
geneous cosmology to other spacetimes, since the effective equations we obtained in Section 5 are
for the full theory. We have applied these equations to study e.g. cosmological perturbations and
spherical symmetric black holes (in both Kantowski-Sachs foliation and global Kruskal foliation).
This direction has two strategies:
• Similar to the present strategy, we may implement ansatz that respects the symmetry of the
expected solution, then simplify and solve the effective equations [38, 39]. It is also similar to
the strategy of analytically solving Einstein equation to obtain e.g. black holes and cosmology.
• A different strategy is similar to Numerical Relativity. We are developing a numerical code
implementing the effective equations (5.4) - (5.5) of the full theory. Eqs.(5.4) and (5.5) can
be cast into a formulation similar to the evolution equations used in Numerical Relativity,
thus standard numerical method such as 4th order runge kutta can be applied to our effective
equations. Numerical solutions can be generated by specifying suitable initial conditions of
pa(e), θa(e). As an initial application of the numerical code, we find that the cosmological
solution is unique provided the homogeneous and isotropic initial data [40]. The path integral
in [14] has a unique critical point when initial and final cosmological coherent states can be
related by effective equations (so has an oscillatory behavior as t → 0), or has no critical
points if they are not related by effective equations (so exponentially suppressed as t→ 0).
3Scaling, translational, and rotational invariance imply conformal invariance.
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Lastly, the analysis of this paper focus on improving the Hamiltonian whose Lorentzian part
is the scalar curvature as in [34, 35]. The next step may be the generalization to Thiemann’s
Lorentzian Hamiltonian which involving K as the commutator between Euclidean Hamiltonian and
volume.
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A Physical and Phantom Brown-Kucharˇ Dust
We denote by SBKD the dust actions of Brown-Kucharˇ model [31, 41–43]:
SBKD[ρ, gµν , T, S
j ,Wj ] = −1
2
∫
d4x
√
|det(g)| ρ [gµνUµUν + 1], (A.1)
Uµ = −∂µT +Wj∂µSj , (A.2)
where scalars T, Sj=1,2,3 form the dust reference frame, and ρ, Wj are Lagrangian multipliers. ρ is
interpreted as the dust energy density. When we couple SBKD to Einstein gravity and carry out
the Hamiltonian analysis [43], we obtain following constraints:
Ctot = C +
1
2
[
P 2/ρ√
det(q)
+
√
det(q)ρ
(
qαβUαUβ + 1
)]
= 0, (A.3)
Ctotα = Cα + PT,α − PjSj,α = 0, (A.4)
ρ2 =
P 2
det(q)
(
1 + qαβUαUβ
)−1
, (A.5)
Wj = Pj/P, (A.6)
where α, β are spatial coordinate index, P, Pj are momenta conjugate to T, S
j , and C,Cα are
Hamiltonian and diffeomorphism constraints of gravity. Firstly Eq.(A.5) can be solved by
ρ = ε
P√
det(q)
(
1 + qαβUαUβ
)−1/2
, ε = ±1. (A.7)
The sign ambiguity ε may be fixed to ε = 1 by physical requirement that U is timelike and future
pointing [30], so that sgn(P ) = sgn(ρ). Inserting this solution to Eq.(A.3) and using Eq.(A.6) lead
to
C = −P
√
1 + qαβCαCβ/P 2. (A.8)
Thus −sgn(C) = sgn(P ) = sgn(ρ). When we consider dust coupling to pure gravity, we must
have the physical dust ρ, P > 0 to fulfill the energy condition as in [41]. If we consider to couple
additional matter fields to make C > 0, we can let ρ, P < 0 which corresponds to the phantom
dust as in [30, 31]. The case of phantom dust may not violate the usual energy condition due to
the presence of additional matter fields. We can solve P, Pj from Eqs.(A.3) and (A.4)
P = −h, h =
{
−√C2 − qαβCαCβ physical dust,√
C2 − qαβCαCβ phantom dust,
(A.9)
Pj = −Sαj (Cα − hT,α) (A.10)
– 16 –
which are strongly Poisson commutative constraints. Sαj is the inverse matrix of ∂αS
j (α = 1, 2, 3).
In deriving above constraints, we find at an intermediate step that P 2 = C2 − qαβCαCβ . Hence,
while the argument of the square root is not manifestly positive, it is constrained to be positive.
The physical dust requires C < 0 while the phantom dust requires C > 0.
Gauge invariant Dirac observables are constructed relationally by parametrizing gravity canoni-
cal variables (A,E) with values of dust fields T (x) ≡ τ, Sj(x) ≡ σj , i.e. Aaj (σ, τ) = Aaj (x)|T (x)≡τ, Sj(x)≡σj
and Eja(σ, τ) = E
j
a(x)|T (x)≡τ, Sj(x)≡σj , where σ, τ are physical space and time coordinates in the
dust frame. Here j = 1, 2, 3 is the coordinate index of the dust frame (e.g. Aj = AαS
α
j ), and
a = 1, 2, 3 is the su(2) index.
Both Aaj (σ, τ) and E
j
a(σ, τ) are Dirac observables. They satisfy the standard Poisson bracket
{Eia(σ, τ), Abj(σ′, τ)} = 12κβδijδbaδ3(σ, σ′) where β is the Barbero-Immirzi parameter and κ = 16piG.
The phase space P of Aaj (σ, τ), Eja(σ, τ) is free of Hamiltonian and diffeomorphism constraints, and
all phase space functions are Dirac observables.
The evolution in physical time τ is generated by the physical Hamiltonian H given by integrating
h on the constant T = τ slice S (The constant τ slice S is coordinated by the value of dust scalars
Sj = σj thus is often referred to as the dust space [31, 43]). From Eq.(A.9), we find that H is
negative for physical dust while is positive for phantom dust. We flip the direction of the time flow
τ → −τ thus H→ −H for physical dust so that we define a positive Hamiltonian in both cases:
H =
∫
S
d3σ
√√√√C(σ, τ)2 − 1
4
3∑
j=1
Cj(σ, τ)Cj(σ, τ). (A.11)
Here C and Cj = e
α
j Cα are parametrized in the dust frame. In terms of A
a
j (σ, τ) and E
j
a(σ, τ):
C = − 2
κ
√
det(q)
tr
(
Fjk
[
Ej , Ek
])
+
2(1− sβ2)
κ
√
det(q)
tr
(
[Kj ,Kk]
[
Ej , Ek
])
, (A.12)
Cj = − 2
κ
√
det(q)
tr
(
τjFkl
[
Ek, El
])
. (A.13)
where Ej = Ejaτ
a/2, the extrinsic curvature Kj = K
a
j τ
a/2, and Fjk = F
a
jkτ
a/2 is the curvature of
Aj = A
a
j τ
a/2. τa = −i(Pauli matrix)a. s = 1 or −1 corresponds respectively to the Euclidean or
Lorentzian signature. The physical Hamiltonian H generates the τ -time evolution:
df
dτ
= {H, f} , (A.14)
for all phase space function f of Aaj (σ, τ) and E
j
a(σ, τ).
The gravity-dust models only deparametrize the Hamiltonian and diffeomorphism constraints,
while the SU(2) Gauss constraint DjE
j = 0 still has to be imposed to the classical phase space. In
addition, we impose some non-holonomic constraints to the phase space: C(σ, τ)2− 14
∑3
j=1 Cj(σ, τ)Cj(σ, τ) ≥
0 and C < 0 for physical dust (C > 0 for phantom dust).
The variation of H is given by
δH =
∫
S
d3σ
(
C
|h|δC − q
αβCβ
|h| δCα +
1
2|h|q
αγqβρCγCρδqαβ
)
, (A.15)
where C/|h| is negative (positive) for physical (phantom) dust, and the last term vanishes in the
case of spatial-homogeneous solution. If we compare δH to the variation of Hamiltonian HGR of
pure gravity in the absence of dust
δHGR =
∫
S
d3σ (NδC +NαδCα) , (A.16)
– 17 –
where the lapse and shift N,Nα are constant Lagrangian multipliers, we find δH and δHGR coincide
at the spatial-homogeneous solution, provided we identify
N =
C
|h| , N
α = −qαβCβ|h| . (A.17)
Therefore N is negative (positive) for the physical (phantom) dust. Negative N for the physical
dust relates to the flip τ → −τ for making Hamiltonian positive.
In the case of spatial-homogeneous solution, Cα = 0 and Uα = Cα/P = 0 so that the Hamilto-
nian density
√
C2 =
{
P = ρ
√
det(q) for physical dust ρ > 0,
−P = −ρ√det(q) for phantom dust ρ < 0, (A.18)
which is a conserved quantity in the effective dynamics.
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